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A breakdown of phonon thermal conductivity

The vibrational (lattice) Hamiltonian
a) The Harmonic Hamiltonian
b) Types of phonon scattering

Scattering potential - Scattering Probability -
Relaxation time (lifetime)

a) point defects

b) line defects

c) planar defects

Phonon-phonon scattering

Low-frequency behavior of thermal conductivty



Phonon scattering and thermal conductivity

H=T+Upqg + Uspq + -

T: kinetic energy of all atoms

U=U;yq + Uszrq + - : potential energy of
all atoms expressed as a Taylor expansion

Harmonic - 2nd Order

Anharmonic - 3rd order
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on board

Hamiltonian

Energy of a solid is described by its Hamiltonian, H

_ 1
H=T+U KE = Emvz
T: kinetic energy of all atoms ,
U: potential energy of all atoms T = EZ z me (uia)z
PE =777
Taylor expand it:

reference energy, set this to zero
U= UO+Z 22 u“u + — zz u“uﬁuy+...
2! au“(?u 3! au“auﬂau Lk

afy ijk
linear term is zero when all atoms are in their equilibrium positions




Hamiltonian

Energy of a solid is described by its Hamiltonian, H H=T+U

on board

T: kinetic energy of all atoms
U: potential energy of all atoms

uful + — ZZ u“uﬁuy+ .
Z'Zzau“au 3! au“auﬁauk Lk

af ij aBy ijk
_ 1 NI OB @ B T 4
_2| ij U; ui 3! ijk Ui u uk
af ij aBy ijk

1 1
:EZZm“(u?)Z ZZCD“B “uf+azzcbfﬁy u“uﬂuk
a i

af afy ijk

H == T + Uan + U3rd



. . . 1 . 1
Harmonic Hamiltonian Hy... = Ezzma(u?)z + Ezz O uf uf
a 1

af ij

af B _ .
Allows us to write this equation of motion: — Z cDij u = miy
JjB

W (ks)e(ks) =Y @ (k)€ (ks).
7B

3N distinct ~ w?* and e} solutions
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Types of perturbations

%%@

X —

H=T+ (U2nd + U3rd)

M K AR

| I
zzzm“(u“)z zz oF u?uf+gzzcbfjiy ufuf u!
af ij

afy ijk

Mass (density) changes Spring constant changes Changes in strain



Types of perturbations

Mass contrast
scattering

Bond strength
contrast scattering

N % N %

\

aB

i

afy ijk

1 . 1 1 p 5
H=oy Y meafif 42y o ufuf 435y ol uful u]
a i /

Phonon-phonon
scattering

W



Types of perturbations

Static strain field scattering

1 o 1 1
H=oy Yy meafaf 4o > offufuf + 25 Y o8 utuf u]
a i “aB ij :

afy ijk




on board

Scattering potential - relaxation time H(r) = Hpgpm + V(1)

You can find reference’s in R. Hanus’ thesis Appendix G or Ashcroft and Meremin pg. 316

Probability of scattering from state k into k’ given by Fermi’s Golden Rule:

2T 1
Wige = = KKV ?8AE) units: ||

Inverse lifetime (I'(K)) is the sum over all possible K’ states.

inverse lifetime: I‘(k) = z Wk,k’ Inverse re.laxatlon tfime r (k) _ Z (Wk k’_Wk’ k)
"y or scattering rate: - : :

What if k=K’ ? Does this scattering
event impede heat conduction?

-\W\,\» -\/VV[,\» t(k)™! =T(k) = Z Wi (1 -k -K')
— —p =
k K’

isotropic approximation, this becomes

See detail on Relaxation Time
Approximation in supplemental slides




Contributions to the relaxation time

Elastic defect scattering 7(K)™! =T(K) = npq gag(@) |Myql?
can be expressed as the
product of the three
factors.

spatial density of defects

Phase space contribution:
Density of states into which
the phonon can scatter.

A 4

Matrix element contribution:

Codimension: 1 = 3 — dgefect Magnitude squared of the Fourier

transform of the scattering potential
Example:

line defect is 1D.
Need 2 dimensions to define it.
Mathematically this looks like:

n=3—-1=2




t(k) ™ = T'(K) = njq gina (@) |Mzql?

L

Conserved
quantities: E E, k, E, ky; ky
Pha w? w 1
- 93d = 5 5 3 924 = 91d = —
space: 2 VgUp 27T’Ug’Up Vg
Mass difference scattering potential
Matrix AM\ 2 — (AM)\? AM 2
2 2 2 2 — 9
element: |Msal® ( M ) @ | Mgl o ( M ) w |Mial? o (7> w
Scatterin ! -
= 7o wt 7o w? 7 x w?

rate:

12



Scattering theory | Required Math

on board

Integral definition of the Dirac §-function

2w 8(k,) = f e ~thx¥ dx

1 normal sine
-1 1 1 1
0 0.02 0.04 0.06 0.08 0.1

normal sine FFT

1000
500
0

100 200 300 400 500 600 700

Some §-function identities:

0
(@) = Z |(;< ]

where f(x) = 0 at x = x;

6(Ax) = m 6(x)

Example:
§(hw(k) — ha(k")) =

1
%S(w(k) —w(k")) =

1
hlvgl

Sk — k")

13




Scattering theory

on board
Required Math

The square of a Dirac §-function

1 .
5(k,)? = 6(k,) %j e~ tRxX dx

5(kx)2 = S(kx)L_x
2T

Note: In the following examples we are building intuition about phase space and
matrix element contributions and therefore we apply a ‘spectral’ treatment of
scattering theory, making the isotropic single mode approximation.

Aside: Mode specific treatments can be done by expressing the factors of u{ in
H in terms of creation and annihilation operators (Eq. L.14 in Ashcroft and
Mermin) and computing the matrix element by following the creation and
annihilation operator rules:

creation operator: aks|nks) = /Nis + 1|nk5)
annihilation operator: a;is|nks) = Ties | Tiaes — 1)
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Point defect — Mass contrast

1 /AM 2T
V(r,w) =5 (=) ho Vo 6@) Wi = - K VDK S(AE)

e—i(k’-r) pi(kr) 1 , _
V(r) = ﬂ d°rV(r)e ar
LlyL,)? 7 (LyLyL,)"? LxlyLs

(k’|V(r,a))|k):ﬂ d3r(

L,LyL,: volume of solid containing
one defect who's scattering
potential is given by V' (r, w).

Vo: volume of defect Scattering vector: q = k' — k

Normalized plane wave:
pli(kT)

k) =
(LXLJ/LZ)

1/2




on board

Point defect — Mass contrast

(K'V(r,w)|k) = - (1(AM thO ﬂ dr §(r)e~iar

LyL,L,\2\ M
B 1 (1 (AM)h V) 1
RN AVAVTE AROAS
1 1 /AM 2
KV (r, ) [K)? = 5(57) e vo)
(LeLyL,)2\2\ M 0
1 1
S(AE) = §(hw — hw') ==6(w — w') = S(k — k")
h hlvg|
" 21 1 (1 (AM) - )2 S(k — 1)
I— —_ w —
KT R (LeLy L2 \2\ M °J vy

1 n(AM) V2 5k — k)
= — a) _
(LyLyL)?2\M ) °° |g|



on board
Point defect — Mass contrast whk

we set k to be in the z-

> > direction so 6 (angle between
\< o’ z k and K’) equals 8’ the polar
1 - K. l/(\') — (1 — cos 0,) Kk’ angle _ofk’ in spherical
coordinates.

-1 = szk’(l cos@)— (2 )3 Jf Wy (1 = cos0") d°K’

LyLyL, 1 (AM\? 1
[ = 2 jjj 2_ = 1! 1 — / 3kl
(LxLyLZ)Zng( § JJ) o otk k0= cost d
00 2T TT
n
— —3d fﬂ a)—5(k k")(1 —cos8") k'*sin@’ dO'd¢'dk’
167‘[2 |vg|
000
2T T
w = vk ﬂ sin@ (1 —cos@')dO'dp’ = 4n
4,.,2
n3d j 2 2 (AM) , kK vp
I‘: k%v? Sk —k") k' dk' = V.
1°| g| 47 \ M ° vl



Point defect — Mass contrast

r X w” X T (AM)Z VZw?
=n — ([ — W
347\ o2 v§|vg| 2\ M 0

' = n3gXgaqX|Mzql?

(w)™1=T=

n3qVe (AM)2w4
4m|vglvg \ M

A localized scattering potential (6(r) in V) results
in |M34|? o w?. The fact that it’s a point defect (0d,
n = 3), means the phonon can scattering into the
3D density of states, gsq4 < w?. Together we get
the Raleigh scattering, w* power law.

Conserved
quantities:

Phase
space:

Matrix
element:

Scattering
rate:

| M3q4/?

AMN\? ,
X —M w
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Line defect — Mass contrast | de®ilsin .
supplemental slides

1 /AM
V(6 y,0) =5 (5 ho 40 5(08()

(k)1 = nzdx

0) AM\*
2w | (—) A% w? sin(6)?
p

T(K) ™! = nygXgag X[ Myq?

n.1A%2 /AM 2 d2d == 2TV
T_l =T = 2d770 ( ) a)3 Sil’l(@)z -
4 vp|vg|

A localized scattering potential (6(x)d(y) in V)
results in |M34|? « w?. The fact that it’s a line
defect (1d, 7 = 2), means the phonon can 7 oxw?
scattering into the 2D density of states, g,q4 X w.

Together we get the w3 power law.



cheat sheet

Elastic defect scattering

0D (point defect, n = 3)

_ w
ggd_anvgvg
Msa(@) = [[[ vee-torar
M2—1M21E1?d9'
|3d|—ﬁ|3d|(_')

dQ' =sin@'de’'d¢’

g=k'—Kk

k = k(sin 8 cos ¢ ,sin @ sin ¢, cos 0)

K' = k(sin®'cos¢’,sin0’sin¢’, cos ")

1D (line defect, n = 2)

w

924 =
vagvp

M24(qx,qy) = f J V(x,y)e " 0x**ay¥) dxdy

2T

h? J,

[Myq|? = IMyg|?(1 — K - K') d¢’

q, = ksinf(cos ¢’ — cos ¢p)
gy = ksinf(sin¢’ — sin ¢)

¢ — b\
2

(1 -k -Kk) = 2sin(6)? sin(

t(k)™! = T(K) = njq gina (@) [Mzql?

2D (planar defect,n = 1)

1

Jid =
TV,

Mya(gy) = j V(0)ei@) gy

T o
|Myql? = hZ [|M2d|2(1 —k- k,)]CIx=_2kx
2
(1 -k l/{\’) = Zkkzx



Phonon-phonon scattering b: any reciprocal lattice vector

AV

Type I: .\/\[V\I\, k7' ki=k,+k;+b
one phonon hw; = hw, + hw;
decomposes into k,
two

Kk,

Type II: "’\[V\I‘* ly ki + Ky = K3y +b

two phonons —_— hwq + hwyzy = hws(y)

combine into one k, \ %
Kk,

Normal scattering process: b = 0
Umklapp (“flip over”) scattering process: b # 0

Mazney, A. A. & Wright, O. B. Demystifying umklapp vs normal scattering in lattice thermal conductivity. Am. J. Phys. 82, 1062-1066 (2014).

e Perturbation is U4

* |i) and |f) are initial and W, :2_” Uai lM2S (AE
final states (combinations YT h {F1Usral D178 (AE)

of k1 kz and kg)



Phonon-phonon scattering has phase space and
matrix element contributions as well.

Phonon-phonon scattering

18
[p(Ks) ~ —on N(ks) P(Kks) N (Kks) contains the number of

2
R other phonons in the material

N(ks) « T at high temperature

weighted joint density of states

A 4

Stems from high-T behavior of

Bose-Einstein distribution
average anharmonic interaction

phonon Ks has with all other phonons

1 1 kT
NBg = 7 I~ =
eﬁa;"_l 1+I?B—a;1—1 hw

op = Tpp o T at high temperatures

Togo, A., Chaput, L. & Tanaka, I. Distributions of phonon lifetimes in
Brillouin zones. Phys. Rev. B 91, 094306 (2015).



Phonon-phonon scattering

Low-w behavior from DFT based lattice dynamics and phonon-phonon relaxation time.

lines show
T=Aw™ "
withn = 2

Common analytical form:
Top = Ciw?T exp(—C,/T)

Si
10! 4 10! 4 10! 4
0 0 | 0
g 10 g 10 g 10
v b b
. ¢
1071 1071 + 1071 + ¢
e T1 T2 ¢ L
102 . 1072 . 1072 .
10° 10! 10° 10! 10° 10!
hw (meV) hw (meV) hw (meV)
GaN
10° 4 10! 4 10° 4
— o | e — i 0 ]
o 10 o @ 1004 o 10
- 5 -
~ = ~
1 -1 | 1 -1 | ‘
0 1071 4 0
e T1 ¢ L
102 : e T2 1072 :
10° 10! 1072 5 ” 10° 10!
hw (meV) 10 10 hw (meV) 23
hw (meV)




Phonon-phonon scattering

-1 __
Tpp =

1
( 1% )52 kg y?w?T

2 2
61T M VgV

Fully analytical thermal conductivity
model using the above phonon-
phonon scattering expression shows
reasonable agreement with
experiment across two orders of
magnitude.

Good for broad screening across
material systems.

Analytical high-T phonon-phonon scattering model

17’\ : 9/

X - Si—o¢
T 100 @ -

s /

e 8 PbTe 9

O ; // O

g 1 I 1/@

Q 3 g Bi,Te

s | 78 ©

© F L, \yb_Mnsb

= i 14VINS04 4
< 0.1 L vannl L1l L1l 11
0.1 1 10 100

k,_calculated (W m’ K'1)

Toberer, E. S., Zevalkink, A. & Snyder, G. J. Phonon engineering through crystal
chemistry. J. Mater. Chem. 21, 15843 (2011).

24



Low frequency behavior of spectral thermal conductivity

Wmax

K = j K(w) dw k(w) = %C(w)vg(w)zr(a))
0
2
asw =0 Clw) = 5 BZUS vg(a))z = U§ T(w) = A(SI;)
kg A(T)

* 0

(LILI}) K((t)) - 67'[2173




BZ integration and k-meshing

Si at 300K

12x12x12

70

20 A

X

0 50000 10000C O 2500 5000

Cu(w), JK™Im3mev~1)

Vg(w), (ms™1)

r

0.0

10
K(w), (Wm™1K " ImeVv~1)

o
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BZ integration and k-meshing

Si at 300K

16x16x16

70

60 -

20 A

10 A

r X 0 50000 10000 O 2500 5000 7500T X 0.0 0.2 0.4 0 5 10
Cu(w), JK™Im3mev~1) Vg(w), (ms™1) T(w), (ns) K(w), (Wm~ 1K ImeVv~1)
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BZ integration and k-meshing

Si at 300K

20x20x20

70

60 -

20 A

10 A

r X 0 50000 10000(C O 2500 5000 7500T X 0.0 0.2 0.4 0 5 10
Cu(w), JK™Im3mev~1) Vg(w), (ms™1) T(w), (ns) K(w), (Wm~ 1K ImeVv~1)
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BZ integration and k-meshing

Si at 300K

30x30x30

Harmonic - 2nd order Anharmonic - 3rd order

(a) (b)

r X 0 50000 10000t O 2500 5000 r X 0.0 0.2 0.4
C,(w), JKIm™3meVv1) Vg(w), (ms™1) T(w), (ns) K(w), (Wm~KImev-1)
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supplemental

Relaxation time approximation

flux = energy density X velocity X number = Energ.y
Area X time _Jl/lﬂk N\‘\r’
Phonon-gas model | _ =
for heat flux: jt = VZ hw(ks) vg(ks) n(ks) A\~
ks N

n(ks) = ngg(ks) + n'(ks)

jt= %; hw(ks) vg (ks)ngg(ks) + %Z hw(ks) v (ks)n'(Kks)

\ l
|

=0

] 1 ] . T .
jt= VZ hw(ks) vg(ks) n'(ks) ji= —kUvIT
ks

compare to solve for x%/
need n'(Ks), get it from BTE



supplemental

Relaxation time approximation

suppress K, s, r,and t

Boltzmann transport equation (BTE) n =n(ks,r,t)
;. Fldn dn ngg = nge(Ks,r)
vg Vin + 7 dkl = 1t n' = Tl’(ks, t)
\ j coll
no external forces on phonons —0
vl Vin = dn
. &' " T de
Left side: | . coll Right side:
Only spatial (V" is real space Time dependence only through n'
gradient) dependence of
n(ks) is through spatial Making the Relaxation Time Approx.
dependence of T
P . P . n’ “ e_t/T
Vg Vlndz v Vi(ngg +n') dn d (e 41 dn’ n'
. (dngg _. - =5 NggT™NnN)=——=—7—"
= v ( o vlT) dt| . dt dt 1
. dTlBE . Tl’ ;o . dnBE .
Uéd—TVlT:—? —_— n ——Tvé dT ViT



. . ] . supplemental
Relaxation time approximation

_ %; hw(ks) vi(ks) n'(ks)

.dn .
r— j BE T
n T Vg aT vV
. 1 . .dn .
jt= _Vz hw vg,rvé dTP:E VT ) . ji= —kUVIT
i . j9ngE 1 d(hw ngg)
KU = — Ehw vgrvg C=— BE
T V  dT

U_ZCUUT

i = 2 € (ks)vi(ks)v) (ks)T(Ks)
ks



Relaxation time and dispersion relation line width

Vibrational amplitude as a function of time:

S| =

A(t) — ei(w0+ioc)t — e—taeiwot t>0 a =

A(t) — j ei((l)0+i6‘()te—iwtdt —
0

a+i(w—wy)

supplemental

Note: T has same
unitsas 1/w

Real part and magnitude squared (|/T (t) |2) of Fourier transform are a

Lorentzian function with FWHM = 2«

long t shortt

time —

Jo

frequency —>

33



Line defect — Mass contrast

supplemental

1 /AM
V(ix,y,w) = > (W) hw Ag 6(x)6(y) A,: cross-sectional area of line defect
(K'|V(r,w)|K) = (l (A—M) how A )U §(x)8(y) e~ HaxX+ayy+az2) gy dy dz
’ LeLyL,\2\' M °
1 1 /AM .
! = — — —lqzZ
€1V ()19 = - (Z(M)ha) A0> (1)(1)Je dz

€1V (r, ) k) = - Lly r (% (AWM) ho AO) 21 8(q,)

1 1 /AM\?
K|V (r, w)|K)|? = (Lt )ZZ(M) (hw)?* A§ (2m)?6(q,)?
xtHyltz

1 1 (AM

2
- -2 (57) (hw)? 4327 5(q,)1,
(LxLyLZ) 1AM
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Line defect — Mass contrast

2t 1 1/AMN? ,
n (LxLy)ZLZZ< M ) (hw)® AG 2m 6(k; — k)

L(ZLn)l; Uf Wi (1 -k -K) d°K’

n? Ll L, AM ,
= e L (57) AZW w? 5(k, —kZ)E(S(k K)(1-K -K) &k

Wk,k’ - 5(1{ — k’)

1
hlvgl

0 2T T
AM
”zd A2 k2v2 5(k, —kz)—5(k kK)(1—-Kk -K') k'>sin6'd0'd¢'dk’
000 %

5k, —k;,) =6(kcos@ — k' cosf’)

since this is multiplied by §(k — k'), we can pull out the k

1
5(kCOS@—k’COSQ’)=E5(COSQ—COSQ’): 5(6 — 0"

k|sin 0|
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Line defect — Mass contrast

02T T

n

r== 2“ W vl 5(6 — 0)—5(k k) (1—Kk -K')k'?sin6'do’'d¢’dk’

k|sm9| |g
000

Can take the integrals over k" and 6’

¢— 9"\’
with 8 = 0’ (1—E-f(7):25in(9)zsin< 5 >
2T

N
j 2 sin(0)? sin <¢ _2¢ ) d¢' = 2msin(0)?

0

3

noa (AMN? k302 Noq (AM\? W
0 =20 (MY g gy T (MY
4+ \M |vg| 4 \M vplvgl



